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Abstract
We explore a hidden possibility of BRST approach to higher spin field theory to obtain a
consistent Lagrangian for massive spin-32 field in Einstein space. Also, we prove that in the
space under consideration the propagation of spin-32 field is hyperbolic and causal.
In this note we discuss the features of Lagrangian formulation for spin-3
2
field on a curved space-
time in framework of BRST approach [1–6]. It is well known that the Lagrangian formulation of the
higher spin fields in arbitrary external background can be contradictory. The problem of consistent
propagation of fields in different backgrounds and their Lagrangian description is one of the problems
of higher spin field theory. Corresponding aspects of spin-3
2
field was studied in enormous number
of papers (see e.g. [7–9] and the references therein). However, practically all consistent formulations
for spin-3
2
were given or in flat or in AdS spaces1
BRST approach to higher spin field theories is a universal method for derivation of the Lagrangians
for such fields beginning with on-shell relations, which define the higher spin fields (e.g. the relations
defining irreducible representations of the Poincare or AdS groups). Following the general BRST-
BFV construction we begin with a closed constraint algebra for the theory and built the Lagrangians.
This approach yields consistent formulation for massless and massive, bosonic and fermionic arbitrary
spin-s fields in constant curvature space, however for consistency it demands the same space even
for spin s = 1, 2 fields where the Lagrangian formulations exist in an arbitrary Riemann space and
an Einstein space respectively. Such a puzzle was resolved in our paper [6] exploring some hidden
possibility of the BRST approach. In this paper we demonstrate that the same hidden possibility
exists for spin-3
2
field as well and allows us to get the consistent spin-3
2
Lagrangian formulation in
arbitrary Einstein space.
We begin with a brief discussion of the main idea proposed in [6]. The Lagrangian construction
in the BRST approach [1–5] was carried out for arbitrary spin fields. The basic notions of this
approach are the Fock space vector |Ψs〉, corresponding to spin s and the nilpotent BRST charge
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1We do not discuss here the supergravity where consistency for massless spin- 3
2
field is conditioned by supersym-
metrical coupling to massless spin-2 field (see e.g. [10].
1
Q. The equations of motion and gauge transformations are written in the form Q|Ψs〉 = 0 and
δ|Ψs〉 = Q|Λs〉 respectively, with the BRST operator Q being the same for all spins. Nilpotency of
the BRST operator provides us the gauge transformations and fields |Ψs〉 and |Ψs〉+Q|Λs〉 are both
physical. Since we consider all spins simultaneously, then from Q2|Λs〉 = 0 follows Q2 = 0. But if
we want to construct Lagrangian for the field with a given value s of spin, then it is sufficient to
require a weaker condition that the BRST operator for given spin Qs is not nilpotent in operator
sense but will be nilpotent only on the specific Fock vector parameter |Λs〉 corresponding to a given
spin s, Q2s|Λs〉 = 0 only and Q2s 6= 0 on states of general form. Just this point allows us to construct
Lagrangian for spin-3
2
field in Einstein space2.
We begin with pointing out that there exist the consistent equations of motion for spin-3
2
field in
a space-time different from AdS. It is well known that spin-3
2
field ψµ (the Dirac index is suppressed)
will describe the irreducible massive representation of the Poincare group if the following conditions
are satisfied
(iγν∂ν −m)ψµ = 0, γµψµ = 0, ∂µψµ = 0, (1)
with {γµ, γν} = −2gµν . When we put these equations on an arbitrary curved spacetime we see that
if we do not include the terms with the inverse powers of the mass then there is no freedom to add
any terms with the curvature and it unambiguously follows that in curved space equations (1) take
the form
(iγν∇ν −m)ψµ = 0, γµψµ = 0, ∇µψµ = 0. (2)
Let us find what spaces do not give supplementary equations in addition to (2). For this purpose
we take the divergence of the mass-shell equation and suppose that equations on ψµ (2) are satisfied
3
0 = ∇µ(iγν∇ν −m)ψµ = iγν [∇µ,∇ν ]ψµ = iR˜µνγνψµ − i
4
Rαβµνγνγαβ ψµ, (3)
where γαβ = γ[αβ] = 1/2(γαγβ − γβγα) and R˜µν = Rµν − 1dgµνR. Extracting from γνγαβ totally
antisymmetric part γναβ = 1/6(γνγαγβ ± . . .)
γνγαβ = γναβ + γαgβν − γβgαν (4)
and substituting into (3) one gets
i
2
R˜µνγνψµ = 0. (5)
From (5) we see that if the traceless part of the Ricci tensor is zero Rµν − 1dgµνR = 0 then equations
(2) are compatible with each other. Next from Rµν =
1
d
gµνR follows that R = const, while the Weyl
tensor Cµαβν remains arbitrary. That is equations (2) are compatible with each other in the Einstein
space. In the further part of the paper we construct Lagrangian for spin-3
2
field in such space using
the new aspect of BRST approach elaborated in [6].
First of all we note that in the Einstein spaces the equations of motion (2) can be modified in
such way that a parameter with dimension of length appears in the equations. In this case it is
reasonable to construct the Lagrangian leading to mass-shell equations, formally coinciding with
equations which define the irreducible representations of the AdS group [11]. Thus the mass-shell
2An Einstein space is defined by the relation Rµν = const · gµν with Weyl tensor be arbitrary (see e.g. [12]).
3Our definition of the curvature tensor is Rαβµν = ∂µΓ
α
βν − ∂νΓαβµ + ΓλβνΓαλµ − ΓλβµΓαλν
2
equations which are expected to be resulted from the Lagrangian (up to gauge fixing) should have
the form
[ iγσ∇σ −m− d−22 r
1
2 ]ψµ = 0, γ
µψµ = 0, ∇µψµ = 0, (6)
where r is defined from Rµναβ = r(gµβgνα − gµαgνβ) + Cµναβ , i.e. R = −rd(d− 1).
Now we introduce auxiliary Fock space generated by fermionic4 creation and annihilation opera-
tors a+a , aa satisfying the anticommutation relations
{a+a , ab} = ηab, ηab = diag(−,+,+, · · · ,+). (7)
Our further consideration is very close to [5], therefore we will omit some details of the calculations.
As usual the tangent space indices and the curved space indices are converted one into another with
the help of vielbein eaµ which is assumed to satisfy the relation ∇νeaµ = 0. Then in addition to the
conventional gamma-matrices
{γa, γb} = −2ηab, (8)
we introduce a set of d+1 Grassmann odd objects [3–5] which obey the following gamma-matrix-like
conditions
{γ˜a, γ˜b} = −2ηab, {γ˜a, γ˜} = 0, γ˜2 = −1 (9)
and connected with the “true” (Grassmann even) gamma-matrices by the relation
γa = γ˜aγ˜ = −γ˜γ˜a. (10)
After this we define derivative operator
Dµ = ∂µ + ωµ
abMab, Mab =
1
2
(a+a ab − a+b aa)− 18(γ˜aγ˜b − γ˜bγ˜a), (11)
which acts on an arbitrary state vector in the Fock space
|ψ〉 =
∑
n=0
|ψn〉, |ψn〉 = a+µ1 · · · a+µnψµ1···µn(x)|0〉, (12)
as the covariant derivative5
Dµ|ψn〉 = aµ1+ . . . aµn(∇µψµ1...µn)|0〉. (13)
As a result equations (6) can be realized in the operator form
t0|ψ1〉 = 0, t1|ψ1〉 = 0, l1|ψ1〉 = 0, (14)
where
t0 = iγ˜
µDµ + γ˜(r
1
2g0 −m), g0 = a+µ aµ − d2 , t1 = γ˜µaµ, l1 = −iaµDµ. (15)
Lagrangian construction within the BRST approach [1–6] demands that we must have at hand
a set of operators which is invariant under Hermitian conjugation and which forms an algebra [1–6].
4Of course, in the case under consideration, we could also use bosonic creation and annihilation operators, but use
of fermionic ones is simpler, cf. [5] and [4].
5We assume that ∂µa
+
a = ∂µaa = ∂µ|0〉 = 0.
3
In order to determine the Hermitian conjugation properties of the constraints we define the following
scalar product
〈Ψ˜|Φ〉 =
∫
ddx
√−g
∑
n, k=0
〈0|Ψ+ν1... νk(x)γ˜0aνk . . . aν1a+µ1 . . . a+µnΦµ1... µn(x)|0〉. (16)
As a result we see that constraint t0 is Hermitian and the two other are non-Hermitian
6
t+1 = a
+
µ γ˜
µ, l+1 = −iaµ+Dµ. (17)
Thus set of operators t0, t1, t
+
1 , l1, l
+
1 is invariant under Hermitian conjugation. Then for constructing
the BRST operators the underlying set of operators must form an algebra. Note that the nilpotency
condition of the BRST operators is needed for existing of gauge symmetry. As it is known if we
consider half-odd spin-s field and decompose the gauge parameter |Λn〉 (s = n + 1/2) in series of
creation operators, then maximal tensorial rank of gauge parameters |λk〉 = a+µ1 · · · a+µkλµ1···µk |0〉,
entering in |Λn〉 is k = n − 1 (see e.g. [3–5]). Therefore if we want to construct Lagrangian for a
particular half-odd spin-s field it is enough that this set of operators forms algebra only on states
|λk〉 with k < s− 1/2.
Now in order to an algebra we add to the set of operators all the operators generated by the
(anti)commutators of t0, t1, l1, t
+
1 , l
+
1 , but unlike the case of arbitrary spin [3–5] the algebra must be
closed on states |λ0〉 = λ(x)|0〉 only. Doing similar considerations as in [6] we arrive to the conclusion
that there should be added the following three operators
l0 = D
2 −m2 + r(−g20 + g0 + t+1 t1 + d(d+1)4 ), (18)
g0 = a
+
µ a
µ − d
2
, gm = m, (19)
where D2 = gµν(DµDν − ΓσµνDσ). As a result set of operators oi = (t0, l0, t1, l1, t+1 , l+1 , g0, gm) is
invariant under Hermitian conjugation and forms an algebra on states |λ0〉 in the Einstein space.
Note that the form of the algebra coincides with those obtined in [5], therefore we borrow from there
all the results needed for construction of Lagrangian for spin-3
2
field in the space under consideration.
First, since the algebra contains operators g0 and gm which are not constraints neither in the
bra- nor in the ket-vector space then we should construct new expressions oi → Oi for the operators
of the algebra, so that the operators which are not constraints don’t give supplementary equations
on the physical field and form an algebra. We borrow the result for these new expressions for the
operators from [5]
T0 = iγ˜
µDµ − γ˜m0 − 2m1f+b+ r
2m1
(
b+b+ 2h
)
b+f, (20)
T+1 = a
+
µ γ˜
µ + b+, L+1 = −ia+µDµ +m1f+ −
r
4m1
b+2f, Gm = 0, (21)
L0 = D
2 −m20 + r(g0 + t+1 t1 + d(d+1)4 )− r(b+b+ 2h)b+b− 2r(b+b+ h+ 12)f+f, (22)
T1 = γ˜
µaµ + γ˜
m0
m1
f + (2f+f + b+b+ 2h)b, G0 = g0 + b
+b+ f+f + h, (23)
L1 = −iaµDµ + γ˜m0b+m1f+b2 + m
2
0
m1
f − r
m1
(h+ 1
2
)(b+b+ h)f − r
4m1
b+2b2f, (24)
where in case of spin-3
2
field one should take h = d/2 − 1 and m0 = m + r 12 (d − 2)/2. In eqs.
(20)–(24) we have introduced one pair of fermionic f+, f and one pair of bosonic b+, b creation and
annihilation operators with the standard (anti)commutation relations
{f+, f} = 1, [b+, b] = 1. (25)
6We assume that (γ˜µ)+ = γ˜0γ˜µγ˜0, (γ˜)+ = γ˜0γ˜γ˜0 = −γ˜.
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Also expressions (20)–(24) contain arbitrary (nonzero) constant m1 with dimension of mass. Its value
remains arbitrary and it can be expressed from the other parameters of the theory m1 = f(m, r) 6= 0.
The arbitrariness of this parameter does not influence on the reproducing of the equations of motion
for the physical field (6).
Note that the new expressions for the operators do not obey the usual properties
(T0)
+ 6= T0 (L0)+ 6= L0, (T1)+ 6= T+1 , (L1)+ 6= L+1 (26)
if one uses the standard rules of Hermitian conjugation for the new creation and annihilation operators
(b)+ = b+, (f)+ = f+. (27)
To restore the proper Hermitian conjugation properties for the additional parts we change the scalar
product in the Fock space generated by the new creation and annihilation operators as follows:
〈Ψ˜1|Ψ2〉new = 〈Ψ˜1|K|Ψ2〉 , (28)
for any vectors |Ψ1〉, |Ψ2〉 with some operator K. Since the problem with the proper Hermitian
conjugation of the operators is only in (b+, f+)-sector of the Fock space, the modification of the
scalar product takes place only in this sector. Therefore operator K acts as a unit operator in the
entire Fock space, but for the (b+, f+)-sector where the operator has the form
K =
∞∑
k=0
Ch(k)
k!
[
|0, k〉 1
2h+ k
〈0, k| + |1, k〉2m
2
0 − rh(2h+k+1)
4hm21
〈1, k|
+ |1, k〉 γ˜m0
2hm1
〈0, k+1| + |0, k+1〉 γ˜m0
2hm1
〈1, k|
]
, (29)
where
Ch(k) = 2h (2h+ 1) · . . . · (2h+ k − 2)(2h+ k − 1)(2h+ k), (30)
|0, k〉 = (b+)k|0〉, |1, k〉 = f+(b+)k|0〉. (31)
Next step is constructing the BRST operator on the base of algebra generated by (20)–(24). Its
explicit form can be found in [5]. Then using the found BRST operator one constructs (up to an
overall factor) Lagrangian and gauge transformation for spin-3
2
field in the Einstein space (the details
can be found in e.g. [4, 5])
L = 〈χ˜0|KT˜0|χ0〉+ 1
2
〈χ˜1|K{T˜0, q+1 q1}|χ1〉+ 〈χ˜0|K∆Q|χ1〉+ 〈χ˜1|K∆Q|χ0〉, (32)
δ|χ0〉 = ∆Q|Λ〉 δ|χ1〉 = T˜0|Λ〉, (33)
where
T˜0 = T0 + 2i(η
+
1 p1 − η1p+1 ) +
r
2
(2g0 −G0)(q1P+1 + q+1 P1) (34)
∆Q = η+1 T1 + η1T
+
1 + q
+
1 L1 + q1L
+
1 −
r
4
[
q1(2t
+
1 − T+1 ) + q+1 (2t1 − T1)
]
(q1P+1 + q+1 P1) (35)
and
|χ0〉 = [−ia+µψµ(x) + f+ϕ(x) + b+γ˜ψ(x)] |0〉, |χ1〉 = [P+1 χ1(x)− ip+1 γ˜χ(x)] |0〉, (36)
|Λ〉 = [P+1 γ˜λ1(x)− ip+1 λ(x)] |0〉. (37)
5
Here q1, q
+
1 are bosonic and η
+
1 , η1 are fermionic ghost “coordinates” corresponding to their canoni-
cally conjugate ghost “momenta” p+1 , p1, P1, P+1 obeying the (anti)commutation relations
{η1,P+1 } = {η+1 ,P1} = 1, [q1, p+1 ] = [q+1 , p1] = i (38)
and possess the standard ghost number distribution gh(Ci) = −gh(Pi) = 1 and act on the vacuum
state as follows
(q1, p1, η1,P1)|0〉 = 0. (39)
Substituting (36), into (32), we find the action (up to an overall factor) for a spin-3
2
field in the
Einstein spacetime in the component form
S =
∫
ddx
√−g
[
ψ¯µ
{[
iγν∇ν −m0
]
ψµ −∇µχ− iγµχ1
}
−
[
(d− 2)ψ¯ + m0
m1
ϕ¯
]{[
iγµ∇µ +m0
]
ψ +
r(d− 1)
2m1
ϕ+ χ1
}
+
[M2
m21
ϕ¯− m0
m1
ψ¯
]{[
iγσ∇σ −m0
]
ϕ+ 2m1ψ −m1χ
}
− χ¯
{[
iγµ∇µ +m0
]
χ+ χ1 −∇µψµ −m0ψ + M
2
m1
ϕ
}
+χ¯1
{
iγµψµ − (d− 2)ψ − χ− m0
m1
ϕ
}]
, (40)
where M2 = m20− 14 r(d− 1)(d− 2) and m0 = m+ r
1
2 (d− 2)/2. Substituting (36), (37) into (33), we
find the gauge transformations in the component form
δψµ = ∇µλ+ iγµλ1, δψ = λ1, δϕ = m1λ (41)
δχ =
[
iγµ∇µ −m0
]
λ+ 2λ1, δχ1 = −
[
iγµ∇µ +m0
]
λ1 − r
2
(d− 1)λ. (42)
Beginning with the Lagrangian (40) we can obtain the other Lagrangians for spin-3
2
field contain-
ing less number of involved fields. Let us present the action in terms of one basic field ψµ. To this
end, we get rid of the fields ϕ, ψ, by using their gauge transformations and the gauge parameters λ,
λ1, respectively. Having expressed the field χ, using the equation of motion χ = iγ
µψµ, we see that
the terms with the Lagrangian multiplier χ1 disappear. As a result, we obtain
L = ψ¯µ(iγσ∇σ −m0)ψµ − iψ¯µ(γν∇µ + γµ∇ν)ψν − ψ¯νγν(iγσ∇σ +m0)γµψµ. (43)
Thus we have obtained the Lagrangian for massive spin-3
2
field in d-dimensional Einstein space only
in term of the basic field. In the massless case m = 0 (m0 = r
1
2 (d − 2)/2) and Lagrangian (43)
becomes invariant under gauge transformation
δψµ = ∇µλ− ir
1
2
2
γµλ. (44)
Our next aim is discussing the problem of causality for massive spin-3
2
field with Lagrangian (43)
in Einstein space. Consideration is based on the Velo and Zwanziger method [8] reformulated for the
theories in curved spacetime.
We begin with a brief outline of the method. If one has a system of the first order differential
equations for a set of fields ϕB
GAB
µ∂µϕ
B + . . . = 0, µ, ν = 0, . . . , d− 1 (45)
6
then to verify that the system (45) describes hyperbolic propagation one should check that all solu-
tions n0(ni), (i = 1, . . . d− 1) of the algebraic equation
det(GAB
µnµ) = 0 (46)
are real for any given real set of ni. The hyperbolic system is called causal if there are no timelike
vectors among solutions nµ of (46).
In many physical cases (including spin-3
2
field) equation (46) fulfills identically. In this case one
should replace the initial system of equations by another equivalent system of equations supplemented
by constraints at a given initial time. Then the above analysis should be applied to this new system.
Let us turn to our spin-3
2
field described by Lagrangian (43). The equations of motion are
Eµ ≡ (iγσ∇σ −m0)ψµ − i(γν∇µ + γµ∇ν)ψν − γµ(iγσ∇σ +m0)γνψν = 0. (47)
If we consider equation (46) for equations (47) then we find that it fulfills identically. Therefore one
should replace equations (47) by another equivalent system of equations with constraints on initial
data. It can be done by the same method as in [8] and we will not repeat all the steps and proofs.
The system of equations equivalent to (47) is
Eµ + iγµC + i∇µD +m0γµD = (iγσ∇σ −m0)ψµ = 0, (48)
where
C =
ir(d− 2)γµEµ − 4m0∇µEµ
4m20 − r(d− 2)2
= ∇µψµ + γσ∇σγνψν , (49)
D =
4
d− 1
m0γ
µEµ + i(d− 2)∇µEµ
4m20 − r(d− 2)2
= γνψν (50)
and it is supplemented by constraints7 at an initial time (say t = 0)
E0|t=0 = 0, γµψµ|t=0 = 0. (51)
Thus, like in the flat case, the equations for spin-3
2
field (47), following from Lagrangian (43), are
hyperbolic and causal for the background under consideration.
To conclude, we have shown that the BRST approach to higher spin field theories yields consistent
Lagrangian construction for spin-3
2
field in general Einstein space. As usual in the BRST approach,
massive spin-3
2
Lagrangian is obtained in gauge invariant form with suitable Stu¨ckelberg auxiliary
fields. Analysis has been based on some hidden aspect of the BRST-BFV construction which was
explored in context of higher spin filed theory in [6]. We saw that the BRST approach perfectly
works if one requires that the BRST operator Qs is nilpotent in weak sense, i.e. Q
2
s|Λs〉 = 0 for some
spin s, where |Λs〉 is a Fock space valued gauge parameter. One can show that above condition is
realized only for exceptional spins s = 1, 3
2
, 2. The cases s = 1, 2 have been considered in [6]. Here
we have studied the last exceptional case s = 3
2
. Also we have proved that in Einstein space the
spin-3
2
field propagation is hyperbolic and causal. As we know such proof was known before only for
the constant curvature space.
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7In curved spacetime the question of causality should be considered locally at some arbitrary point x0 choosing
around x0 the Riemann normal coordinates. In this case E0 appears as a constraint.
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